Compound droplets can be used in substance encapsulation and material compartmentalization to achieve a precise control over the relevant processes in many applications, such as bioanalysis, pharmaceutical manufacturing, and material synthesis. The flow fields in compound droplets directly affect the performance of these applications, but it is challenging to measure them experimentally. In this study, the flow in compound droplets in axisymmetric microchannels is simulated using the Finite Volume Method, and the interface is captured using the Level Set Method with surface tension accounted for via the Ghost Fluid Method. The combination of the Level Set Method and the Ghost Fluid Method reduces spurious currents that are produced unphysically near the interface, and achieves a precise simulation of the complex flow field within compound droplets. The shape of compound droplets, the vortical patterns, the velocity fields, and the eccentricity are investigated and the effects of the key dimensionless parameters, including the size of the compound droplet, the size of the core droplet, the capillary number, and the viscosity ratio, are analyzed. The flow structures in multi-layered compound droplets are also studied. This study not only unveils the complex flow structure within compound droplets moving in microchannels, but can also be used to achieve a precise control over the relevant processes in a wide range of applications of compound droplets.
I. INTRODUCTION
Compound droplets are droplets with smaller droplets inside themselves forming coreshell structures. The shell of compound droplets can serve as a protective layer of the inner phase by minimizing the mass transfer between the core and the outer phase. Therefore, many functions can be achieved by loading the core with different substances, such as chemical reactants, bacteria, cells, pesticides, drugs, nutrients, and antibodies 1 . The compartmentalization of materials within core droplets allows a better control over the relevant processes. Hence, compound droplets play an important role in many applications, such as bioanalysis, pharmaceutical manufacturing, and material synthesis 2, 3 . The traditional method to produce compound droplets is to form a large amount of compound droplets in bulk, such as by shear generated by mechanical agitation. It results in compound droplets with wide size distributions. In contrast, with the development of micro-fabrication techniques during the past two decades, microfluidics offers an alternate route to produce monodisperse compound droplets one by one, and the droplet properties can be tuned precisely 2 . In microfluidics, compound droplets can be produced by forming the inner and the outer droplets subsequently at two droplet formation units [4] [5] [6] [7] [8] [9] as two T-junctions 4, 5 or two flow-focusing geometries 6,7 ) or by forming the inner and the outer droplets simultaneously by properly combining two droplet formation units (such as a microcapillary structure proposed by Utada et al. 10, 11 ). To understand the formation of compound droplets, several numerical studies have been carried out to simulate the formation process in different microchannel structures [12] [13] [14] , and the effects of relevant parameters have been reported, such as the geometry of the microfluidic device and the flow rates of different phases.
Even though many studies have been dedicated to the formation of compound droplets, the flow fields in compound droplets in microfluidics, to the best of our knowledge, have not be studied in details. Knowing the flow fields in compound droplets is of great significance because the flow fields directly affect the mass transfer in compound droplets and affect the insulation performance of the shell layer in the aforementioned applications, further leading to a better understanding of the mechanism and guiding the applications. Direct measurement of the flow fields in compound droplets in microfluidics is very difficult, not only because intrusive methods will disturb the complex flow structure in micrometer scales in the microfluidic devices, but also because the two layers of the interfaces pose challenges in optical measurement techniques including Particle Image Velocimetry (PIV), Particle Tracking Velocimetry (PTV), and Laser Induced Fluorescence (LIF) techniques due to optical distortion at the interfaces. In contrast to the obstacles encountered in experimental investigations, Computational Fluid Dynamics (CFD) shows its potential in analyzing the details of the complex flows in compound droplets. Even though the flows of compound droplets in unconfined flows have been simulated, such as in linear flow 15 , in extensional flow 16 , and in shear flow 17, 18 , they cannot describe the flows in microfluidics, since they are significantly different from those in microchannels/microcapillaries due to the confinement of the wall. Zhou et al. 19 and Tao et al. 20 simulated the flow of compound droplets through contraction geometries. Song et al. 21 assumed the compound droplet is spherical and theoretically analyzed the flow of compound droplets in microchannels in low Reynolds number Stokes flow regime. In many microfluidics applications, the confinement by the wall is significant and the deformation of the compound droplet is not negligible. To understand the flow details of compound droplets in microchannels, and unveil the confining effect of the wall on the deformation of the compound droplets and on the vortex patterns in compound droplets, systematic numerical studies on the flow fields in compound droplets in microfluidics are necessary for the development of the relevant applications.
This study aims to unveil the complex flow structures within compound droplets moving in microchannels. Given the small size of compound droplets, surface tension force dominates the flow. Therefore, accurate modeling of surface tension effect is the key to successful simulation of the complex flow fields in compound droplets. To achieve this, the Level Set Method (LSM) is used for interface capturing coupled with the Ghost Fluid Method (GFM) for surface tension implementation. The LSM offers an accurate calculation of the interface curvature. GFM incorporates the surface tension force in the momentum equation with minimized spurious current. The remainder of this paper is organized as follows. The numerical procedure is introduced in Section II, including the Finite Volume Method (FVM) for flow field, the LSM for interface capturing, and the GFM for surface tension. The results are presented and discussed in Section III, including the shape of compound droplets, the vortical structure, the eccentricity, the saddle points, etc. The effects of key controlling parameters are analyzed, and the flow fields within multiple layered compound droplets are also studied. Finally, conclusions are drawn in Section IV. diameter of the core droplet is d core . The viscosities and the densities are µ cont and ρ cont for the continuous phase, µ shell and ρ shell for the shell phase, and µ core and ρ core for the core phase, respectively. The properties of the core fluid are set to be identical to the continuous phase in this study because this is the case for most applications because the shell layer is often used to isolate the core fluid and the continuous phase, such as water-in-oil-in-water (W/O/W) and oil-in-water-in-oil (O/W/O) compound droplets 4-6,9-11 . For high-level compound droplets, i.e., compound droplets with more than two layers, the fluids in different layers appear alternately [22] [23] [24] [25] . In the simulation, no-slip boundary condition is specified on the wall of the microchannel, and the continuous phase fully wets the wall. This is consistent with most real applications of droplets in microchannels. In real droplet applications, this is achieved on purpose by selecting proper continuous fluids or surface modification because, if the droplet touches the wall, the droplet may stick on the wall and negatively affect the stability of the flow and the system performance 3, 26 . The microchannel in the simulation is set to be long enough that it does not affect the flow in the compound droplets. A periodic boundary condition is used with a frame of reference following the droplet. In the periodic boundary condition, the velocity components are continuous at the left and the right boundaries while the average velocity is fixed to a constant, and the pressure field is handled through the SIMPLER algorithm 27 . Therefore, the pressure field condition is satisfied automatically since the velocity boundary condition has been imposed periodically. In addition, since the microchannel in the simulation is long and the droplet is in the center of the domain, the error introduced by the periodic boundary condition can be minimized.
The droplet speed is used to update the translating speed of the frame of reference, and it is calculated based on the mass of the shell phase, v droplet = Ω v abs HdΩ, where v abs is the absolute local velocity of the fluid and H is the smoothed Heaviside function defined in Eq. (9) . Initially, the compound droplets are set to be concentric. They deform when flowing in the microchannel and gradually reach a steady state in the translating frame of reference. This study focuses on the flow after the compound droplets reach the steady state.
The controlling parameters for the flow of compound droplets in microchannels can be summarized into several dimensionless groups, which are used in simulations and analysis. The viscosity ratio is defined as the ratio of the viscosities between the shell phase and the core phase,μ ≡ µ shell /µ core . The density ratio is defined as the ratio of the densities between the shell phase and the core phase,ρ ≡ ρ shell /ρ core . The size of the compound droplets is normalized by the diameter of the microchannel,d comp ≡ d comp /D , and the size of the core is normalized by the size of the compound droplet,d core ≡ d core /d comp . The capillary number is defined as the ratio between the viscous force and the surface tension force, Ca ≡ µ cont V /σ, where V is the mean flow velocity in the microchannel, and µ cont is the viscosity of the continuous phase. The Weber number is defined as the ratio between the inertia and the surface tension force, We ≡ ρ cont V 2 D/σ. These dimensionless numbers are not equally important. In most microfluidic devices, the inertia is usually very small due to the small size of the devices and the low flow speeds, i.e., We 1. In addition, for many liquids under nearly standard conditions of temperature and pressure, the densities are similar, i.e.,ρ ∼ 1. Therefore, the effects of all dimensionless groups, except We andρ, are analyzed in this study.
B. Finite Volume Method for flow fields
All fluids considered in this study are incompressible and Newtonian. The FVM 27, 28 was used to discretize the continuity equation and the momentum equation in a cylindrical coordinate system,
The fluid properties ρ and µ in each control volume is calculated using a smoothed Heaviside function H as follows,
The exact form of H will be presented in Section II C. The GFM 29, 30 accounts for the surface tension through the pressure term,
where [p] indicates the Laplace pressure jump across the interface and κ ≡ ∇ · n is the curvature of the interface. The symbol n denotes the unit normal vector to the interface, which is calculated in Eq. (10).
C. Level Set Method for interface capturing
The evolution of the droplet interface is captured using the LSM 31 . The level set function φ is a signed distance from the interface. It is positive in one phase and negative in the other phase. The contour of φ = 0 represents the interface. The level set function φ is advected by the flow field obtained from the momentum equation,
After evolving the level set function for several time steps, it generally ceases to remain as a signed distance function. Therefore, it is re-initialized through the re-initialization equation as
where τ is the pseudo-time for the re-initialization. The spatial terms in Eqs. (7) and (8) are discretized using the fifth-order Weighted Essentially Non-Oscillatory (WENO) scheme 31 , and the temporal terms are integrated using the third-order Runge-Kutta (RK) scheme with the Total Variation Diminishing (TVD) property 32 . The smoothed Heaviside function H in Eqs. (4) and (5) is defined as follows,
where ∆ is set to be 1.5 times of the grid size. The smoothed Heaviside function can smear the sharp interface into a belt region, approximate the abrupt jumps of fluid properties across the interface by gradual variations, and therefore, stabilize the simulation 31, 33 . The curvature in Eq. (6) can be obtained from the level set function φ as follows,
It can be seen that the level set function, φ, is a smooth function, being different from the volume fraction function in the volume of fluid method, which is a discontinuous function 33 . Therefore, in the level set method, high-order discretization schemes can be easily implemented, such as ENO or WENO 31 , and the curvature of the interface can also be easily calculated with high accuracy. One concern regarding the level method is the mass loss. To minimize the mass loss, besides the fifth-order WENO scheme and the third-order RK scheme, we added a local constraint term into Eq. (8)
where δ is the smoothed delta function, which takes the form
and
where Ω i,j refers to the control volume. By doing this, the mass loss relative to the initial mass in our simulation is always less than 10 −4 , from the initial condition to the final solution. It should also be noted that in level set simulations, mass loss tends to occur during the rapid evolution of the interface shape, which does not exist in our simulation.
D. Validation of the simulations
To check the accuracy and the validity of the present simulations, a series of rigorous tests are carried out, including the Zalesak's slotted disk rotation test for the accuracy of interface capturing, the spurious current, the mesh independence study, the effect of the initial location of the core droplet, and validation against experiment results. The details are provided in the Supplementary Materials. Among these tests, spurious currents are unphysical flows generated near the interface in the presence of surface tension. Their magnitudes should be much smaller than the characteristic velocity of the problem to avoid contaminating the actual flow field. Therefore, minimizing the spurious current is important in the simulations of the flow in compound droplets. In this study, the level set function is used to obtain the interface curvature with a high accuracy, and the GFM implements the surface tension force as a singular source term directly at the interface and avoid force imbalance. Therefore, with these simulation methods, the spurious current can be minimized in this study, as demonstrated in the Supplementary Materials. 
III. RESULTS AND DISCUSSION

A. Typical flow pattern in compound droplets
The flow field in a typical compound droplet moving in a microchannel is shown in FIG. 2. In the steady state, the core droplet is in the frontal part of the compound droplet, resulting in a thin liquid shell in the front of the compound droplet and a thick shell in the rear. The core is only slightly deformed from a spherical shape by the flow. This is because the velocity in the core is very small, indicating a small capillary number and a relatively large effect of surface tension. The surface tension force tends to minimize the surface area of the core droplet forcing it to be more spherical. In contrast, the shell droplet is deformed more by the flow. The wall applies a strong shear force on the surface of the compound droplet, which pulls the rear of the compound droplet backward. Meanwhile, the front of the compound droplet is pushed forward by the spherical core, resulting in a spherical front of the compound droplet.
As the compound droplet moves in the microchannel, and due to the core-shell structure, complex vortical patterns form in the compound droplet. As the flow is axisymmetric, we discuss only the flow in the upper half of the figure. Since a moving frame of reference following the droplet is used, the droplet position is stationary in the moving frame of reference and the wall is moving backward, as shown in FIG. 2a. In the core droplet, there are two vortices: one counter-clockwise rotating in the front and one clockwise rotating in the rear. The vortical pattern in the shell layer shares some similarity with that of a simple droplet, even though it is significantly affected by the core droplet. In a simple droplet under the same flow condition ( see FIG. 2c ), there are three vortices, including a large vortex in the middle and two smaller vortices in the rear and the front. The large vortex is recirculating in the counter-clockwise direction, while the two small vortices are in the clockwise direction. In contrast, in the compound droplet, the presence of the core droplet effectively compresses the frontal vortex to within the thin shell layer, reduces the size of the middle vortex, and enlarges the rear vortex to a size comparable to the middle vortex.
Saddle points are important parameters to quantify the flow field. They are not only the points of flow separation, but also the point separating vortices and the location where the different streams meet. Therefore, it significantly affects the transportation of materials (such as reagent, surfactant, and particles) and the insulation performance of the shell in relevant applications. There are four saddle points on the outer surface of the compound droplet (two points with flow towards the interface and two points with flow from the interface), and three saddle points on the inner surface (two points with flow towards the interface and one point with flow from the interface).
The velocity magnitude within the compound droplet is shown in FIG. 2b . The velocity magnitude within the droplet is small overall in the translating frame of reference following the droplet, much smaller than the translating speed of the wall. The velocity is also much smaller than that in a simple droplet, as shown in FIG. 2d for comparison. The velocity magnitude is large close to the wall of the channel, and it applies a strong shear stress on the compound droplet and causes the compound droplet to deform. In the core of the compound droplet, the velocity magnitude is relatively large near the center, because the fluid near the center accelerates as it moves along the centerline. Similarly, a region of large velocity also appears near the center of the shell region behind the core droplet. In addition, the velocity is large near the surface of the core droplet, which is because the wall shear stress produces a recirculating vortex in the shell.
The compound droplet is set concentric initially in the simulation. As the compound droplet moves in the microchannel, the fluid in the frontal part of the shell drains and gradually reaches an equilibrium thickness. Even though the frontal part of the shell is thin, it does not collapse immediately by the surface tension effect which tends to minimize the surface area and causes the shell to break up. This is consistent with many experimental observations that compound droplets are relatively stable in many applications 1,2 . This can be explained by examining the details of the flow field. There is a flow in the −r direction in the continuous phase in front of the compound droplet. This flow can shear the fluid in the frontal shell layer towards the axis of the microchannel, and balance the drainage effect. Even though there is also a flow in the radial direction in the core droplet adjacent to the front shell layer, the velocity magnitude is much smaller in the core droplet than in the continuous phase. Consequently, the frontal shell layer drains until it reaches an equilibrium thickness and the droplet reaches an equilibrium position correspondingly. Of course, when the droplet deformation is very large, the shell is bound to collapse, but it is beyond the scope of the current study where we focus on the steady state of compound droplets.
B. Effect of compound droplet size
The effect of the size of compound droplets are studied by varying the size of the compound droplets and fixing the other parameters including the relative size of the cores, as shown in FIG. 3 . For the compound droplets with a diameter much smaller than the diameter of the microchannel ( see FIG. 3a) , only the flow near the center of the channel is affected by the presence of the compound droplet. The compound droplets move in the center of the channel at a much higher speed than the mean speed of the continuous fluid in the channel (represented by the high relative speed of the channel wall). The flow in the compound droplets is very weak, even though recirculating flow patterns are produced in the core and the shell of the compound droplets. Only a small portion of the fluid in the continuous phase is affected by the presence of the droplet, and most of the continuous fluid flows straightly in the direction along the microchannel.
With increasing the droplet size ( see FIG. 3c ), more fluid in the microchannel is affected, and the speed of the droplet decreases. Visible velocity gradient appears both in the shell and in the core of the compound droplet. As a result, stronger recirculating flow forms in the compound droplet, owing to the increased shear stress exerted by the wall of the microchannel.
When the size of the compound droplet is comparable with the diameter of the microchannel ( see FIG. 3f ), the flow in the compound droplet is significantly affected by the confining effect of the wall. The compound droplet occupies most of the cross section of the microchannel, and blocks most of the fluid in the continuous phase, resulting in a very thin layer of the continuous phase between the compound droplet and the wall. Consequently, the speed of the compound droplet is very close to the mean velocity of the fluid in the microchannel. The flow of the shell phase is severely retarded by the wall through the shear stress of the continuous phase, which results in large velocity gradients near the wall, indicating a large flow resistance of the compound droplet. As shown in FIG. 3f , the compound droplet is significantly deformed by the flow of the continuous phase and the confining effect of the microchannel. The shell layer becomes very thick in the rear, and most shell fluid is in the rear of the compound droplet. The accumulation of the shell phase in the rear results in a large space for the flow development in the shell phase, and produces a relatively large velocity and consequently a strong recirculation in the shell. 
C. Effect of core size
The effect of the core size of the compound droplet on the flow pattern is studied by varying the core size and fixing the other parameters ( see FIG. 4) . With increasing the core size, the number of vortex in the core increases from two to three with the additional formation of a small vortex at the rear of the core. In addition, in the shell, the frontal vortex is significantly compressed by the core from a triangular shape to confined within a thin layer. As the core size increases further, the center vortex in the shell is also compressed into a wedged shape. However, the rear vortex in the shell increases its size due to the shrinkage of the middle vortex. With increasing the core size, the velocity magnitude in the core increases, and the velocity in the shell decreases. This is because the fluid in the core has more space to develop, and the fluid in the shell does not have enough space to develop.
D. Effect of capillary number
The capillary number quantifies the relative effect between the viscous force and the surface tension force in the flow. Since many microfluidic devices of compound droplets operate in the regime of small capillary numbers to avoid significant deformation or even breakup of compound droplets, small Ca values (Ca ≤ 0.05) are considered here and they are varied by changing the surface tension of the fluid. As discussed in Section II A, large surface tensions result in small capillary numbers. For a small capillary number, both the core and the shell droplets are almost spherical ( see FIG. 5a ), indicating that the surface tension plays its role in restoring a spherical shape. As the capillary number increases, both the core and the shell droplets deform dramatically. The flow patterns in the droplets are also affected correspondingly. With increasing the capillary number (decreasing the surface tension), the frontal vortex in the core shrinks but the rear vortex expands. In addition, the main vortex in the shell fluid also expands, and the rear vortex shrinks. This is because the main vortex has more space to develop as the droplet deformation becomes larger at higher capillary numbers.
E. Effect of viscosity ratio
The effect of the viscosity ratio is studied by changing the viscosity of the shell phase while keeping the viscosities of the continuous phase and the core phase unchanged, as shown in FIG. 6 . The viscosity of the continuous phase is not varied because changing it alters the capillary number of the flow. The shape of the compound droplet is not significantly affected upon increasing the viscosity ratio. This is because of the weak recirculating flow in the compound droplet. Thus, even though the shear stress in the shell is increased by increasing the shell viscosity, its effect is still much smaller than the surface tension force of the compound droplet. Therefore, the viscosity ratio does not affect the droplet shape significantly. However, it is worth noting that the flow pattern in the compound droplet is affected by the viscosity ratio. With increasing the viscosity of the shell, the rear vortex in the shell becomes larger, and compresses the middle vortex in the shell to shrink consequently. 
F. Eccentricity of compound droplets
When compound droplets move in microchannels, the shell and the core are generally not concentric due to the internal recirculating flow in compound droplets. Eccentricity is an important feature of compound droplets, and can affect the application performance of compound droplets. For examples, compound droplets are often used as templates for the synthesis of particles with core/shell structures 34, 35 . A thin region of the shell of compound droplets will lead to a thin region in the shell of the particles, and influence the mechanical properties of the products significantly, such as the crush strength. In addition, considering that the shell of compound droplets can serve as a protective layer of the core fluid by minimizing the mass transfer between the core and the outer phases, a thin region of the shell will increase the undesirable transfer of species between the core and the continuous phases and deteriorate the insulation performance in relevant applications.
To quantify the shape of the compound droplet and the position of the core in the compound droplet, the eccentricity is defined as follows ( see FIG. 7a ),
where x core and x shell are the centroids of the core droplet and the shell phase respectively, and r comp is the equivalent radius of the compound droplet calculated based on the volume of the compound droplet, r comp ≡ [3 (V shell + V core )/(4π)] 1/3 , where V shell and V core are the volumes of the shell and the core phases, respectively. The eccentricity of a concentric compound droplet is 0, and it increases as the core shifts towards the front of the compound droplet.
The eccentricity is a strong function of the compound droplet size, as shown in FIG. 7b. With increasing the compound droplet size, eccentricity increases, and the effect becomes stronger for large compound droplets (d comp > 0.9). Small compound droplets are almost spherical and the deformation increases with the droplet size, as discussed in Section III B. For compound droplets smaller than 0.9, the deformation is mainly due to the flow within and outside the compound droplets. When the compound droplet is larger than 0.9, the confining effect becomes dominant and the deformation increase dramatically with the droplet size. In contrast, the core is always less deformed than the shell. Therefore, with increasing the size of compound droplet, the eccentricity first increases slowly because of the increasing deformation by the flow, and then increases dramatically due to the confining effect of the wall.
With increasing the core size, the eccentricity of the compound droplet decreases, as shown in FIG. 7c . This is because the core in equilibrium is in the front of the compound droplet. The equilibrium position of the core is mainly determined by the flow in the shell, in the core, and in front of the compound droplet. The resulted equilibrium shell thickness is always much smaller than the size of the compound droplet. Therefore, as the droplet size increases, the eccentricity of the compound droplet decreases.
Eccentricity is also affected by the capillary number of the flow ( see FIG. 7d ). For small capillary numbers, the compound droplets are close to spherical due to the strong effect of surface tension, resulting in small eccentricity values. With increasing the capillary number, the effect of surface tension weakens, and viscous effect plays a more important role. Consequently the compound droplet shape is deformed significantly by the flow and most of the shell fluid is squeezed to the rear of the compound droplet, as explained in Section III D. Therefore, the eccentricity of compound droplets increases with increasing the capillary number.
The eccentricity of compound droplet is not significantly affected by the viscosity ratio between the core and the shell phase, as shown in FIG. 7e . This is because the flow in the compound droplet is relatively slow and dominated by the surface tension force. Even for large viscosity ratios, the relative effect of the viscosity is still much smaller than the surface tension effect. Thus, the eccentricity of the compound droplet does not change significantly with viscosity ratio.
G. Aspect ratio of compound droplets
The deformation of compound droplets is also quantified by the aspect ratio of the compound droplets, as defined in FIG. 8a and For very small compound droplets, the aspect ratios of the shell and of the core are both close to unity, indicating that the droplet is spherical, as shown in FIG. 8b . Since the flow in the shell pushes the core forwards behind the core, the aspect ratio of the core is smaller than unity. In contrast, since the core pushes the shell forwards in the front of the shell, the aspect ratio of the shell is larger than unity. Therefore, the shell is prolate while the core is oblate. As the size of the compound droplet increases, the aspect ratio of the shell increases slight, and that of the core decreases slightly. This is mainly due to the increased deformation of the compound droplet by the flow. As the dimensionless droplet sized comp approaches unity, the aspect ratio of the shell increases dramatically, owing to the confinement effect of the wall. Correspondingly, the compound droplet becomes elongated, as shown in the snapshot in FIG. 7b .
The effect of the core size of the compound droplet on the aspect ratio is shown in FIG. 8c. With a small core, the core is almost spherical, exerting a small pushing force in the front of the shell. Therefore, the shell is also spherical (AR ≈ 1). As the core size increases, the surface tension effect of the core decreases, the core becomes easy to deform, and AR of the core decrease. Correspondingly, the core exerts a larger force to the shell, resulting a larger deformation of the shell and a larger AR. As the core size approaches the shell size, the flow in the shell is inhibited by the small space in the shell, and surface tension forces of the shell and the core restore the compound droplet to spherical. Therefore, the aspect ratio of the shell decreases and that of the core increases. The effect of the capillary number on the aspect ratio is shown in FIG. 8d . With increasing the capillary number, the effect of the surface tension reduces, and the compound droplet becomes easier to deform. Therefore, the aspect ratio of the core decreases, and that of the shell increases. In addition, the aspect ratio of the compound droplet does not change significantly with the viscosity ratio, as shown in FIG. 8e , since the flow in the shell is weak and variation in the shell viscosity does not significantly affect the droplet deformation, as shown in the snapshot of the compound droplets in FIG. 7e. 
H. Multi-layered compound droplets
High-order compound droplets are compound droplets with more layers. They can be used to achieve high level of encapsulation and compartmentalization 36 for complex reactions and analysis in various applications, including drug delivery, material synthesis, and bio-analysis. The formation of monodisperse high-order compound droplets have been achieved in microfluidics in glass microcapillary devices 22, 23, 25, 36 and in soft-lithographically fabricated PDMS devices 24 . The flow fields in a triple compound droplet and a quadruple compound droplet are shown in FIG. 9 . Both are featured with complex recirculating patterns. The inner droplets are all in the frontal parts of the outer droplets, resulting in thicker shells in the frontal part than those in the rear part. These interfacial shapes severely compress the vortices in the frontal parts of the shells, and results in smaller vortices in the frontal parts than in the rear parts. In addition, these vortices are aligned in the radial direction of the compound droplets attributed to the interaction with the flow in the adjacent layers.
IV. CONCLUSIONS
To understand the complex flow structure within compound droplets moving in axisymmetric microchannels, the flow is simulated using the Finite Volume Method and the interface is captured using the Level Set Method. The surface tension effect is implemented using the Ghost Fluid Method. With the combination of the Level Set Method and the Ghost Fluid Method, spurious current produced unphysically near the interface is minimized in the simulation, which is essential to simulate the complex flow structure of compound droplets.
In this study, the droplet shape, the vortical pattern, the flow velocity field, the eccentricity, and the effects of the key controlling parameters, such as the compound droplet size, the core size, the capillary number, and the viscosity ratio are analyzed. The results show that complex flow patterns form in the compound droplets due to the presence of the core droplets and the confining effect of the wall of the microchannel. Small compound droplets have weak internal recirculation and only affect the flow near the center of the microchannel, while large compound droplets experience severe deformation by the flow and the wall. With increasing the core size, the vortices in the shell is compressed and becomes weaker, and the vortices in the core expand and become stronger. With increasing the capillary number, the compound droplets are more deformed, and the eccentricity increases. The viscosity ratio does not significantly affect the droplet shape and the eccentricity. The flow in multi-layered compound droplets is analyzed, and the vortices in different layers are aligned in the radial direction due to the interaction with the flow in the adjacent layers.
The complex flow patterns in compound droplets can significantly affect not only the relevant transport phenomena, such as heat transfer [37] [38] [39] and mass transfer [40] [41] [42] , but also the compartmentalization performance for substance encapsulation 1 in a wide range of applications. This study not only provides insight into the mechanism of the flow of compound droplets in microchannels/microcapillaries, but also can help guide the design of the applications and enable a precise control over the relevant processes. This study focuses only on the steady state of compound droplets. There are many open questions about compound droplets moving in microchannels. For example, compound droplets under large deformation may become unstable. Systematic investigation on their stability could provide more information on the dynamics of compound droplets.
SUPPLEMENTARY MATERIAL
See supplementary material for the details of the validation of the numerical simulations, including the Zalesak's slotted disk rotation test for the accuracy of interface capturing (FIG. S1) , the spurious current (FIG. S2) , the mesh independence study (FIG. S3) , the effect of the initial location of the core droplet (FIG. S4) , and validation against experiment results (FIG. S5) .
